CONCENTRATION OF SOLUTIONS FOR A FOURTH ORDER 
ELLIPTIC EQUATION IN R N 
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Abstract. In this paper, we study the following fourth order elliptic problem 

A 2 u = (1 +eK(x))u r -\ x G M. N 

where 2* = j^zj,N > 5, e > 0. We prove that the existence of two peaks solutions for the 
above problem, if K(x) has two critical points satisfying certain conditions, provided s is 
small enough. 
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1. Introduction and main results 

In this paper, we study the following nonlinear fourth order elliptic equation 

/ A 2 u = (1 + eK{x))u 2 "*-\u> 0, xeR N ( v 

\ueV 2 ' 2 (R N ) [Li) 

where N>5,e>0, K(x) £ C7 1 (M Ar )nL 00 (M JV ) and V 2 ' 2 (R N ) be the completion ofC?(R N ) 
with the respect to the norm 



\u\\ 2 = (u,u), where (u,v) = / AuAv. 

Jr n 



7V-4 



is the critical exponent of the embedding T> > (R ) L (R ). A Fourier 
transformation argument yields V 2,2 (R N ) = V 2,2 (R N ). 

In the past few years, there has been many study on concentration of solutions for second- 
order elliptic equations with critical Sobolev exponent; See e.g. [U El [31 [7J [101 [HI [111 HEJ HHJ 
[191 [21] and the references therein. Recently, some researches have been developed on the 
existence of peak solutions of fourth order elliptic equations involving critical exponent, 
see for example El El U CLU EZ] . 

Define the Euler-Lagrange functional I corresponding to (11. ip as follows 

= £ ( \Au\ 2 -± [ (l + eK(x))\u\ 2 \ 



One of the main features of problem (11. ip is the lack of compactness, i.e. the functional I £ 
does not satisfy the Palais-Smale condition. Such a fact follows from the noncompactness 
of the embedding of V 2 ' 2 (R N ) ■=->■ L 2 *(R N ) and the unboundness of the domain R . In 

l 
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this article, we use a construction method to obtain peak solutions for (jl.ip . Precisely, we 
extend the argument employed in [TU] to the framework of such higher order equations. To 
do so, we first take advantage of a type of Lyapunov-Schmidit reduction to transform the 
problem of finding critical points for the functional I £ into one of finding critical points of 
a functional defined on finite dimensional domain. Then we construct a suitable bounded 
domain with finite dimension in which the associated variational problem, by topological 
degree argument, can have a critical point. In our proof, to obtain a fine analysis on the 
energy of the functional I £ , we perform a careful expansion on I £ by make full use of the 
precise computation of the contribution of function K(x) to its critical points. Moreover, 
we have to prove the positivity of the critical points obtained by our process. It is well- 
known that such a proof, in general, is quite difficult for higher order equations. 

To state the main result, we need to introduce some notations and assumptions. 

Consider the equation 

A 2 u = \uf- 2 u, u > 0, x G R N , 116 V 2 ' 2 (R N ). (1.2) 
It has been proved in [15] that the following function, for y G R N and A > 0, 

jV-4 

U vA x ) = C » 7, x9 , 2 ^B . C n = [(N - 4)(iV - 2)N(N + 2)]^ 
(1 + X z \x — y\ z ) 2 

solves dH2J on R N . 

Let E denote the set consisting of all the critical points z of K(x), satisfying (after a 
suitable rotation of the coordinate system depending on z), 

N 

K{x) = K(z) + a i\ x i ~ + 0{\x - z\P +a ) 

i=l 

for x close to z, where Oj, f3 and a are some constants depending only on z, ai ^ for 

N 

i = 1, 2, ■ • • , N, a i < 0, P e (1, - 4) and a G (0, 1). 

i=l 

We now state our main result of the paper: 
Theorem 1.1. Assume that S contains at least two points. Then for each z 1 , z 2 G E, z 1 ^ 

2 

z 2 , there exists an sq > such that ( 11. ip has a solution of the form u e = ^2 a^ e U y i A +v £ 

j=i £ ' J ' £ 

if e G (0, £o) with a J)E — > 1, y{ — > z*, A J)£ — >■ +oo and J RN \ Av e \ 2 — > as e — > 0. 

Remark 1.2. If the set E contains > 2) points, it is east to see that , by theoreml.l, 
there exist ( 2 ) solutions for problem (II. ip . 

Remark 1.3. Let z 1 , z 2 , ■ ■ ■ , z k be k local maximum points of K(x) satisfying 

N 

K{x) = K{z l ) + J2 a ij\ x i - z */ + °(\ x ~ A P+a ), x e B s (j), 

3=1 
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where (5 G (1, N — 4), ay ^ and Y^i=i a ij < anc ^ ^ > 0. Using the technique in the proof 
of Theorem 1.3 of [21], we can construct a fc-peaked solution for (11.11) . such that there is 
exactly one local maximum point near each zi , % — 1,2, ••• 

This paper is organized as follows: we first introduce some notations and perform a 
finite-dimensional reduction in section 2, and then use topological degree argument to 
prove theorem 1.1 in section 3. In order that we can give a clear line of our framework, we 
list all the proofs of the needed estimates in the appendix.. 



2. Notations and the finite-dimensional reduction 
For y = (y\ y 2 , ■ ■ ■ , y k ) G R^ xR^ x ■ ■ ■ x R N , X = (A 1; A 2 , • ■ • , X k ) G R k , define 

k 

El, = {. e V^W^v) = (^,„) = (^,. 

forj = 1,2,- ■■ ,k,i= 1,2,- ■■ ,N) (2.1) 
We look for solutions u £ of (II. ip of the following form 

u e = a>i tE U y i t x ls + ot 2 , E U y 2 Me + v £ (2.2) 

with a £ = (a 1>E ,a 2 ,e) -> (1,1), y e = {yhvf) -> (z\ ^ 2 ), Aj, e ->■ +00 for j = 1,2 and 
w £ e E y c ,x e satisfying ||« 6 || -»■ as e ->• 0. 

For each z 1 , z 2 G £, z 1 7^ z 2 and /i > 0, define 

1 \ f 1 

-, +00 x - 

fi I \n 



D fM ={(y,X)y = (y\y 2 )eB fl (z 1 )xB fl (z 2 ) 1 X = (X 1 ,X 2 )e [ -, +00 ) x ( - , +00 



Define 

M M = {(a, y, A, u)|a = (a x , a 2 ) G K+ x E+, (y, A) G -D M , t> G £ 2 A , 

I _ 1| < A 4 , I a 2 — 1| < A 4 , IMI < A^} 

and 

J £ (a, y, X,v) = I £ {^2 -a, + 
\i=i 

It is well known now that for \x > sufficiently small if (a, y, A, t> ) G M M is a critical point 

2 

of J e in Mfj,, then it = a jU y j \ . +v is a critical point of J e in P 2,2 (IR Ar ).The fact that 

i=i 

(a, y, A, f ) G M M is a critical point of J £ in M M is equivalent to the fact that the following 
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equations are satisfied 

0,3 = 1,2, (2-3) 



(2.4) 

j=l 3=1 3 3=2 i=l y i 



<%i \dajdyl / ^ \ dyjdy: 



M^^)+EM^^)^^--,NJ = 1^ (2.5) 



M^r^) + £^ ),J = 1,2, (2.6) 



for some A,-, Bj, C 3i G E, j = 1, 2, i = 1, 2, • • • , N. 

As in [TO], we first reduce the problem of finding a solution for (II. ip to that of finding a 
critical point for a function defined in a finite dimensional domain. Then we use topological 
degree argument to solve the latter problem. We next establish some preliminary result. 
Throughout this paper we will let £12 = 1 N _ 4 . 

(AiA 2 )-2- 

Proposition 2.1. Suppose that z x ,z 2 G £ and (y,X) G D^. Then there exist Eq > and 
Ho > smc/i that for e G (0, e ) and /x G (0,/i ), i/iere a unique C 1 map (y,X) G D M 
{a £ (y, X),v e (y, A)) G M 2 x P 2 > 2 (M JV ) such that v £ G £ 2 A , (a e ,y,\,v E ) satisfies (|2T3|) . (1231) . 
Furthermore, a e = (ai >e , «2,e) satisfy the following estimate as e — >■ 

£ |« i>£ - (1 + + K|| = O (V - + 4 ) + 4 +T ) (2.T) 



3=1 \ 3=1 

at+4i 



A 



where 9j = inf {/3j, }, r > is some constant. 

^ * ^ .A a to 2 v * , 



Proo/. Let a = ((1 + eKiz 1 ))'^ , (1 + ei^ 2 ))"^), a = a - a, u = (a, v) G M 2 x £ 2 . 



As in [10] (see also [17]) we expand J £ (y, A, w) = J e (a, y, A, u) at u = and obtain 

J e (y, A,w) = J e (y, A,0) + (/ e ,w) + i(Q e w,w) + i? £ (w), (2.{ 



where / e G M 2 x E 2 A is a linear form given by 



2/,-' 

2*-l 



/ (l+eif)(x;«^ 



_^ ~ ,J '>A,- 

+ J2® k \ \ J2 n j r *-~\- ' ^,a* } (2.9) 

fc=i \ \j=i / 

2*-l 



^»*iAfc j ' 



Q £ is a quadratic form on R 2 x given by 
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(Q £ uj,uj) = ^2a t a k l (U y i t x uUy 



fc=i 
1=1 



2*-2 

" (2* " 1) jf w (l + eiO (£ U yKXl U yk , Xk 

(2 \ 2*— 2 

2 / 2 \ 2 *~ 2 

fc=i ^ RJV \j=i / 

and R £ is the higher order term satiafying 

D^R £ (u) = 0(\\uj\\ 2+e ~ l ), % = 0, 1, 2 (2.11) 

where 6* > is some constant. 

To show the existence of (a e (y, X),v E (y, A)) 6R 2 x E 2 X so that (a £ , y, A, u e ) satisfy (12.4ft 

and ( 12.51) . it suffices to obtain a;(y, A) G N 2 x E 2 X such that DJ £ (y, A, cj) = for each fixed 

(y, A) G D M , where D stands for the derivative with respect to u). DJ £ = is equivalent to 

f e + Q £ + DR e {u) = 0. (2.12) 

As in [10], it is not difficult by using Lemma lA.411A.6l to check that if fi > 0,e > 
are small enough, then for each (y, A) G D^,Q £ is invertible and there exists C > 0, 
independent of (y, A), such that HQ^ 1 )] < C. So by the implicit function theorem, we can 
prove that there is a C 1 — map u(y, A) satisfying (I2.12p . Furthermore 

IM|<C||/ e ||. (2.13) 

Applying Lemmas IA.lllA.3l in Appendix A to (12.91) we get 



(2.10) 



v 2 



\(f E ^)\ = o(ej^[y-z^ + ±\+e 



12 



\U!\ 



and consequently we obtain (12. 7p . So we have completed the proof of the proposition. □ 

It is worthwhile to point out that from Lagrange multiplier theorem, there are Aj, Bj, Cji(j 
1, 2, i = 1, 2, • • • ,N) in R such that (a, y, A, u) satisfy (12 .3p and (12. 4p . So we only need to 
solve finite dimensional problem (12. 5p and (12. 6p . 
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3. Proof of main result 

In this section, we prove that for the Aj,Bj,Cji G R obtained in the above section 
satisfying (12. 3p and (12.41) there exists (y, A) G such that (12. 5p and (I2.6P are satisfied by 
(a, y, A, v). Firstly, we give some estimates. 



Lemma 3.1. Let (y,X) G D^, (a,v) be obtained as in Propositio n. 11 For /i > and 
e > small enough, we have for k = 1, 2 



dJ £ (a,y,X,v) _ C NA e 



N 



dX k 



C e 



12 



Af fc+1 ^ ' A fc |^-^F- 4 



O 



+ 



o\-^\y k -z kl 



+ |y J — z 3 



where C^^ k is a positive constant depending only on N and (3^, C is a positive constant, 
Proof. Without loss of generality, we take k — 1. Direct computations yield 



dJ £ {a,y,X 1 v) 



- / (1 + elf) 
It is easy to check that 



j'=i 



2*-2 



0=1 



5Ai 



dJ £ (a,y,X,v) 
d\ 1 



OLl 



a 2 I U? 



- / + V(a,^,A J ) 2 " 1 + (2*-l)(a 1 ^ 1 , Al f- 2 (a 2 [Z, 

-«i(2*-l) / (l+^)^^fE^i„ 



-l + T! 

-12 

Ai 
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By Lemmas A. 7, B.1-B.2, we can obtain 




and 




Combining the above equalities, we can derive the conclusion. 

□ 



Lemma 3.2. Under the same assumption as in Lemm d3A\ we have (k, I — 1, 2, k ^ I) 



dJ E (a,y,X,v) _ k e k k (y* - yj) , 1+T . 

ttt ~ VN,p k ai T^AVi -Zjj-Ci N _ 4 +Q (A fc g 12 j 

c% A£ fc (AiA 2 l 2 



+ 0(^p T A^ fe -^| 2 ]+0(eA fc e 12j 



JV-l 
N-4 
12 



where D^,p k is a positive constant depending only on N and /3k, C\ > is a constant. t\ 
and a are the same as in Lemm dSJl 



Proof. By using Holder inequality and lemmas A. 7, B.3-B.4 in the Appendix, the calcula- 
tion is similar to the proof of Lemma I3.1[ we omit the detail. □ 
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Lemma 3.3. For (y, A) G D^, let (a,v) 6R 2 x Ey X be obtained in Proposition ^. 1\ Then 
B k = i^l £ + e\y> - j j + 0(X k e 12 ), 

c ki = o \-^{x k \ y k - zk \ + ^12) 

2 



A,— VA 



where a > is some constant. 
Proof. Let ip G P^R^), then 

2 AT /AIT 

+ EE^<(%^ 



Taking <£> = U y k x k , 1 k k , k = 1, 2, /i = 1, 2, • • • , iV respectively and noting that 



y ' x k v K . _ 
<9J S /<9J F dU y k M \ dJ £ _ I dJ £ dU y k M 



we obtain a quasi-diagonal linear system of equations of Aj, Bj and Cji, whose coefficients 
are given by 



E, J = k, 

0(s jk ), j ^ k, 



rr . dU v h ,\ k \ JO, j = k, 



A, / \0(f), j^k, 



Aj ' A, / id(g-), i^, 

dUyj : \j dU y k M \ Jo, j = fc, 

Aj ' i£ /"lO(^), j^, 
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dU y i tXj dUyk tXk \ \GX)5 hh j = k, 



y\ VI I \0{X 3 X k e X2 ), j ^ k, 

where E, E, G are strictly positive constants depending only on N and Shi is the Kronecker 
symbol. 

Using the estimates of in Lemmas 13.11 and 13.21 we can obtain the estimates of 

B k and C ki . □ 

Proof of Theorem (EH Let L £ = e /W[AA2-^(/3i+/32)]_ To obtain the existence of 
solution u £ of the form (12. 2p . we only need to show that (I2.5P and (12.61) are satisfied 
by some (y, A) G D^. We will show that for some suitable S > 0, 71 > small and 

72 > large, there exists (y, A) such that (Ai,A 2 ) G [jiLe 1 ,72-^e 1 ] X [71 L £ 2 ,j 2 L £ 2 }, 
y = {y l ,y 2 ) G B^z 1 ) x Bj_(z 2 ) together with the (a(y, X),y, X,v(y, X)) satisfy (12. 5 p and 

(El. 

From Proposition 12.11 and Lemmas I3.1H3.21 we get the following equivalent form of (12. 5p 
and (TJU): 



X k (yf - 4) = O [eY ; * + |y* - 



(3.1) 



A 



+ 0(^1, = l,2,i = 1,2, • • • ,iV, 



AT , 

A™ ^ (AxA 2 ) — 



(3.2) 



where d k ,T\ are some positive constant. 
Let 

Ai =t 1 Lp 1 ,X 2 =t 2 I& l ,t 1 ,t 2 G [71,72], 
y 1 - z 1 = X^ l x l ,y 2 - z 2 = X^x 2 , x 1 , x 2 G B s (0). 

Then (13. ip and (13.21) can be rewritten in the following equivalent way 

x k = o e (l) k = 1,2, (3.3) 



N 



t k f>k +[Y, a i) d k{t 1 t 2 )- 1 ^ = o e (l) k = 1,2. (3.4) 
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Set 



f{x\x 2 ) = {x\x 2 ), {x\x 2 ) e fii = ^(0) x B s (0) 

g{t\M) = (gi(ti,t 2 ),g2(ti,t 2 )), (h,t 2 ) ett 2 = [71,72] x [71,72] 

1 rn k d k 



gk(h,t 2 



t ihh) 



JV-4 ! 
2 



where ntk 



> 0. 



Then 



deg(/,fi 1 ,0) = l. (3.5) 
On the other hand, it is easy to see that g = has a unique solution (i*, in [71, 72] x 
[71 ! 72] if 7i is small and 72 > is large. Furthermore, 



and 



dgi 
dt! 

dgi 
dt 2 

dg 2 
dt 1 

dg 2 
dt 2 



(N - 4)mi 
(tt,t* 2 ) ~ ^(tm)^ 

(N - 4)m 2 



N-A 



mi 



N-4, 1 
I 2 



(t*,t*) 



N-A 



m 2 



(t$t* 



N-4, 
I 2 



Then 



N — 4\ m\m 2 



< 0. 



Jac #l(t^) = ^1^2 - (Pi + fa) . } 

So deg(g, f2 2 , 0) = —1. As a consequence 

deg((/,<?),fti x O 2 ,0) = deg(/,fi 1; 0) x deg(<7,fi 2 ,0) = -1. 

Thus, (13. 3p . (13. 4p has a solution and u £ = oei t£ U y i t x le + oe 2t£ U y 2x 2e + v £ is a critical point 
of J e . By Proposition 13. 4[ we know u £ > for e > sufficiently small. Thus the result 
follows. □ 

Proposition 3.4. Assume that u £ = an jE U y i x ls + ct 2t£ U y 2 X2£ + v £ is a critical point of I £ 
and v £ satisfies ( 12.7ft . Then for e > sufficiently small, u £ > 0. 

Proof, we follow the idea in [B] , [TTj to prove the proposition. Set u~ = max{— u £ ,0}. 
Let us introduce u satisfying 

A 2 co = -(1 + eK) (u~) N - 4 in R N , 

and note that cn\x\ 4 ~ n is the Green function of the operator A 2 in Vq ,2 (R n ), 
Thus, u can be written as 

u = —c N 



/ \x-y\ 4 ~ N (l + eK) (u £ ) N -*dx. 
Jr n 
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It is easy to see that cu < and 

|| w ||2 _ / .1 . .r. \" r - r<\\ .in „-iT*t 



f N+4 N+4 

/ {l + eK){u' £ )^ <C\\u\\\u~ £ \^\ 
Jr n 



N+4 
N-4 



Assume that ||a;|| ^ 0, then 

IMI<CKI£ 4 - 

On the other hand 

f iV+4 

M | 2 = - / (1 + eK) (u7) N - 4 u 



r 

- / (i + eK)(u;) 

f n + 4 r iv+4 

>-/ (1 +eK) {u-) N - A u+ / (1 + eK) (uf) N - 4 u 

J{u £ <0} J{u £ >0} 

= / (1 + eK)\u £ \^u £ uj = / uA 2 u £ = / u £ A 2 u 
Jr n Jr n Jr n 

r n+4 r 

= - (l + eK){u;)»-* u £ = / (l + eK)(u; f 
Jr n Jr n 

d. C \U £ | L 2» . 



Thus, 



2(JV+4) 

c'\u~\ 2 L 2* < ||w|| 2 < c\ll~\ L 2*~ 4 . 



It is obvious that |w7|^* 2 » < |v e | i 2*, So for e sufficiently small, u~ = 0, which implies that 
u = and we get a contradiction. As a result, u = and u~ = 0. Therefore, m £ > and 
we complete the proof. □ 

Appendix A. 

In this appendix, we give some estimates and result that used in Section 2. 
Lemma A.l. For any (y, A) G and v G E 2 X , there exists r > such that 



l«{p^f'^o(±^-^. + ^+^ 

where r > and 6j = inf{/3j, ^y^}. 
Proof. Use the inequality 

|| a + ir _ oP _ y .|</^ /2 f 2 ' (A.l) 
11 1 1 _ [Cab"- 1 + Ca p -\ p>2. K J 
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We have 



2*-l 



i=i 



( E / ^C%H|- 2<2" <3. 



°(e / ';'.A 2 ' y .A, )• 2*>s 



JV+4 

2* 3* \ 2JV 

o I E ( / tf^v 



7^ > ' 



E of" 1 / - K{ Zj ))Ul"- x ]v + O (e* 



jV+4 

lgjV 2JV \ 2JV 



c|| I . 2 < 2* < 3, 

2* > 3 



o E if 



A? 



+ £ 5 



+r 
12 



□ 



Lemma A. 2. There exists r > suc/i i/iai /or any (y, A) G and v £ E"? x , we have 



2*-l 



v = 0[e\; 



Proof. By inequality ((AT]), we get 



2 < 2* < 3, 



°(E / ^r^H), 2*>3 



O I el 2 



+T 
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since /i is small and Ai, A 2 > -. 

Lemma A. 3. Suppose (y, A) G Dp. Then for \i small enough we have 



/ (l + £^)(V«Av 
J * N 



2*-l 



0\e\ - K + \y k -z k \ h )+0(e 12 )). 



Proof. 



J2^U yj>x .,U y k jXk ) - {l + eK)l ^cijUyij 
d=i I jRN \j=i 

&k (U yk>Xk ,U yk>Xk ) - af- 1 [ (1 + eK)U^ x + 0{e n ) 

Jk n 



V. 



(1 + eK(z k )) S » ± j 



0(e) 



K[— + y k )-K(z 



(#(*) - K(z fc )) Afc + 0(e 12 ) 

1 



(1 + l^l 2 )^ 



0(e 12 ) 



0[:[^ + \y k -z k ^)+0(e 12 ) 
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□ 



□ 



Lemma A. 4. Suppose (y, A) G D fJi! [i and e small enough, then there exists 5 > such 
that for all v G E 2 x we have 



2*-2 



v 2 > 5\\v\ 



Proof. It follows from Proposition 2 in [T7] that there exists a constant 5q > such that 

t 2 \ 2*-2 

~[ J Jr n 
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for all v G El Notice that 



2*-2 / 2 \ 2*-2 



/ (1 + eiO ( E <^,a v2 ~ [ (t, & M 



v 2 



<0(e)\\vf + 0( / UAU 2 \y 



2* —2 2* -2 

= 0(e + (AxA 2 )-*) |M| 2 
for some a > and Lemma A. 4 follows. 

Lemma A. 5. Suppose (y, A) G D M . T/ien for n and e small enough we have 

( 2 \ 2*-2 

(1 _ ( 2 * _ l) a f- 2 )A + 0{e\ 2 ) + 0(e), if k = I = 1,2, 

+ 0(e), if k^l,h,l = 1,2, 

for some r > 0, A > 0. 

Proof. 

(2 \ 2*-2 

= / w 'r, 1 ',. a, - (2* - i).f- 2 r;; A T,. Ai 

+ (/ RJV o&W,*, + ^mU*mV$$%m + "Sm^m) + 

= [1 - (2* - l)af- 2 ] I U^U ykM + 0(s{ 2 ) + 0(e). 

Let A = f RN U 2 l Xf _ = f RN C/q*!, we get the conclusion of Lemma A. 5. 
Lemma A. 6. Suppose (y,\) G D^,v G E% x . If fi and e small, then 

(2 \ 2*-2 

U J 

= 0^t + ei^(± + \yi-z^ 



where r > and 9j = inf {/?,,•, ^j^}. 
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Proof. By using Holder inequality and our assumption on K(x), we have 



2*-2 



+ 


/( 




Ir n 









(4: 



2* -2 

,2* -2 



(a k U yktXk ) U ykM v 



\v-#r \\n- 



3=t \ 3 



Lemma A. 7. Suppose (y,\) G D^,v G E^ x . If [i and e small, then 



Vv 

2*-2 



V,A 3 - 



dU v k ,\ v 



dX 



o 



and 



2*-2 



dU y k M 



V 3 > x i I ).,>■ 



dy* 



[ (l + eJofy^E/; 

= O ( X k el^ T + X k e ir f -0- + W - 

V i=i vv 



□ 



where r > and = inf{/3j, ^y^}- 
Proof. The proof of this lemma is similar to that of Lemma A. 6. □ 

Appendix B. 

The estimates given in this appendix will play the key role in proving our main result 
in Section 3. The computation here is very similar the one performed in [3], so we give a 
sketch proof. 
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Lemma B.l. Suppose (y, A) G D^. Then for /i small, k = 1,2, we have 
KU 2 



where C^^ k is a positive constant depending only on N and 
Proof. 

2 *_ 1 dU y k jXk 



J 



V ,A fc 



k 



~L-^<r 0} \h il u 1 V ^ dx k + ° 



; 'n f 



\i k + l J{\x-\ k (zk-yk)\<\ k r } t . , 



1 - 






2 


(1+1 




I 2 ) 


.JV+1 



A 



v 

I ft 



1 , t tl \ „ / 1 1 



1 


- \x 2 


(1 + 


\x\ 2 ) N+1 


">( 






1 - 


- \x\ 2 


(1 + 


\x\ 2 ) N+1 



^E«r + o(^-^,) +0 (^ + i, 



Lemma B.2. Suppose (y, A) G -D M ,/i small, We have for k ^ I, k, I — 1, 2, 

( jV-2 

where C > 0. 
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Proof. 



* c,dU v k \, 1 f . 

1 f . dll„k x , . If dU„k 



A ax. A ^.a ; - 7^ 7 / a \ . U * 



2*-lJ wN dX k y ' At 2*-1.Ln dX k 



N — A e 12 



N~2 
N-4 



(Follow the exact same line in proving estimate (F16) in [1]). □ 
Lemma B.3. Suppose that (y, A) G and \i small. Then 



O (r^) + O (X k \y k - z k \^) 



where D N ^ k is a positive constant depending only on N and j3 k . 
Proof. 

*-i dU y k M_ fAT ,x n f „,, TJ r Ki x i-Vi) 



N 



(N-A)D N [ [J24\xh-4f h + 0(\ 

J {\x-z"\<r } \ h=1 



X — Z 



y,^l + Xl\x-y k \* \X k 
n' r N U 2 *t 
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+ o(^^)+0(\ k \y«-zr k+ °) 

\ W J 

+ o(-^) + 0(X k \y^-zr^). 



Lemma B.4. Suppose that (y, A) G and ft small, Then we have for k ^ I, k, I = 1, 2, 

L ^t 9 ^^ = c ^y" - + 

where C\ > is a constant depending only on N. 

Proof. Follow the exact same procedure in proving estimate (F20) in [3]. □ 
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